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Abstract

We describe @ spectroscopic measurement of the
temperatu re and linear density of Tlg* ions heldin a
lincar jon trap (LI'1). The inferr ed temperature and
number result from analysis of sidebands on the 40.5
i1z resonance line. The temperature of the ion cloud
is determined by ‘the Doppler broadened line when
microwave radiation iS propagated along the axis of
the 1,1'1". When propagation iS perpendicular 10 the
trap axis the microwave sidebands arc displaced from
the trap secular frequency by an amount dependent
upon the ion cloud size and tem perature. A Monte-
Carlo simulation of the jon trajectories inside the
cloud isused 1o mode] the.position of these sidebands
fora given cloudtempcerature and a comparison with
measured sideband position iS used to determine ion
number.

Introduction

Onc of the largest frequency offsets in lamp bascd
buffer gas cooled Mereury jon frequency standards is
the sccond order Doppler shift from the. thermal and
micro-motion of the. ions within the trap[1,2]. Atroom
temperature With Hg* jonsinal.] 'J this shift is
(142/3) 3k, T7/(2mc?) =:3.5x10" for asmall cloud whese
space charge screening of the time averaged trapping
field is negligible.In Ibis case a measurcment of ion
cloud temperature accurate to 109% would yield a
roomtemperature | Ig clock with accuracy at fow pairts
in 10", approaching that of the best primary Cesinm

standards currently inoperation. ‘l-his paper describes
temperature measurements and jon number determi-
nation for ien clouds heldin alincariontrap. Such
measurements are necessary to assess clock frequency
offsct from the 2nd order 1oppler shift and to deter-
minc clock accuracy[3]. Kllem’ledge of cloud size and
temperature aso serves as a useful diagnostic of jon
tiap opciation,
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Figure 1: Lincarion trap residing in its high vacuum
enclosur €. Stale sclection light fiom the *“1lg dis-
charge lamp is focuscd onto the central 1/3 of the of
the jon cloud. Atomic fluorcscence IS collected normal
to the page.
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Figure 1 showsthepiesent | .11 configuration as used

in clock operation[4]. lons arc confined in the cylindri-
calcloud up 10 75 mm inlength by afew mm in
diameter. Anion’s thermal motion inside the clond
will lcad to @ high frequency secular motion corre-
spondingto transit across the fcw mm cloud diamcter
and amuchlower frequency Corresponding to axial
motion along the approximately 7S mm long cloud,
When there arc only afew ions in the trap the resul-
tant forces ontheions arc predominately from the
trapping ficlds. The transverse motion iS then harmon-
ic and all jons undergo motion at the sccular fre-
quency of thetrap. As the 40. SGI1z radiation propa -
gates radialy throughthe cloud anion’s motion in the
trap Will modulate the phase of the microwaves. This
resultsinsidebandsonthe atomic absolution spectrum
of fsctfromthe 40. S G1lz carrier by the trap sccul ar
frequency and its harmonics. AS more jons are added
10 the trap the cumulative effect of the trapped
charges begins 10 shield the lime averagedtiapping
fields fromthc interior of the ion cloud. lons moving
inside the cloud will no longer fee] thehaimonic
trapping well and the result is a broadened and down-
shifted Doppler sidebandspectium. We have comput -
cd the spectrum of microwave power seen by an jon
moving through the cloud by a Monte-Carlo sampling
of ion trajectories and the resulting phase variation.
For afixed cloud temperature the Doppler sideband
shiftsdownward monotonically with inct easing number
of trapped ions. Once the jon temperature has been
measut CCl the cloud Size. is determined by adjusting ion
number until the simulated and measured sideband
frequencics match.

Jon Temperature Measurement

We measur €. jon temperature spect roscopically by
propagating the 40.5 G112 resonance 1adiation along
the 75mmlong axis of the ion cloud, In this configu -
ration ion confinement is 10 times the wavelength of
the 7,5 mm resonance radiation andtheDoppler width
of the 40.5 Ghz absorption line iS used to determine
the cloud temperatuie[5]. Because the 50 mini-gauss
bias ficld is parallcl to this axis of the trap and hence
perpendicularto the oscillating magnetic ficlkd of the
mict owave radiation, the alowed transitions obey
Amy =4 1. These transitions arc from the =0, m, = 0
st ae. to the IF==1,my=: 41 Zece man slates. Figure 2
shows the Doppler by oadened microwave lines ob-
tained by propagating microwaves along this direction.
‘J hewidthof the mictowave transition s
Sv=22(vyfc )2k, TeIn2/m)2=-2 05612 k1lz [6], where
‘1 IS temperatuie in Kelvin, The 46 klz wide spectral

lines in ¥ig. 2 indicate anion cloud temperature of SO0
K. By use Of this technique we have measured ion
cloud temperature variations with helivm buffer gas
pressure. As showninFigure 3 the ion temperature
varies from 2610 K at 2x10""Torr(uncorrected) to 480
K a 7x10”*Tori(uncorrected).Yortheclouds used in
our clock measurements Helinm pressures above 2x10°
Torr(uncorrected) are necessary for minimum temper-
atures.

Figur €. 2: The DopplerbroadenedZeeman hyperfine
transitions 1= 0,m, =0 to I'=: 1,my= 4 Twhichare Used
to dctermine the Ig* temperature. For ibis measure-
ment the 40.5 Gz radiation passed axially through
the 75 mmlongcloud,
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Figure 3:g* cloud temperature vs helivm buffer gas
pressure as determined from the doppler widih of the
40.5 GHztransition.



Iransverse Microwave Iixcitation_of Jon Cloud

By propagating the 40.5 GHz resonance radiation
perpendicular to thelong axis of theion cloud we can
investigate the absoiption sidebands which stem from
the highfiequency secular jonmotion across the. cloud
diameter. The measured resonance structure iS shown
inYigure 4 (a) and (b). In}¥ig. 4(a) the helium pres-
su1 C 1S 5x10°° Torr(un corrected) so jon temperature iS
over 2000 K. The calculated secular frequency at the
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Yigure 4@ Sideband spectra obtained by transverse
microwave illumination of the ion cloud as shown in
Fig. 1. (8 1 .ow helinm buffer pressure and resulting
jontemperatu € over 2000 K. Sidebands Snow” very
little shift from the. 62 kllz trap secular frequency.
(b) Sidebands shift by 10 k11z as the helium pressute
is increascdand ion temperature falls to 650 K.

operating 1f voltage level (140 Volts rms @ 853 K] 1z)
iSG2 k11z and isin good agreement with the frequency
of the transverse sidebands. This indicates low ion
density since there is no significant screening of the
trapping ficlds by the ion space charge. By contrast
Vig. 4(b) shows that the sidebandshave shifted closer
to the 40.5 G117z carricr by about 10 k7 as the helium
pressure was il~cl-cased to 2x10" 6 Torr(uncorr ceted).
The signal size has also quadrupled since many more
ions arc trapped under these conditions.

Monte-Carlo calculation_of Sideband Yrequencics

‘The approach used in predicting the. frequency of the
secular sidebands as describedabove is todetermine
the mictowave {1 cquency spectr um scen by an jon
inside the cloud{7). A spherical wavcfront is incident
on the ion cloud from a distance Ro: The magnetic
ficld scen by anjon at position r a timet is

B(r,1)= Bexplik,1- w)]/(k,.1)

wherek, = 2n/h, and X is the wavelength of the
mics owave yadiation, =7.5 mm. the jons are in
thermal motioninside the clond so that 1=1(t) and the.
spherical wave IS modulated by the individual ion
motions. This motion IS determinedby the velocity
distribution and the shape of the ioncloud.The long
thin cloud leads to microwave modulation frequencics
of orderv,, /Mandv, /I, U here v, isthemostproba -
ble velocity for thejons at temperature ‘I, D is the
cloud diameter and 1, iS the cloud length. The power
spectral density of (he. 40. S Glizradjation as scen by
the ensemble of confined moving ionsisrclatedto the
autoco | relation function of the. microwave magnetic
field through the cosine transform (Wicner-Khintchine
‘Theorem)

P(w): fdry(r)coswr

wher e Yr(7) is the antocorrelation function

U (7) = BERe{exp(ik , (1(r)-1 (0))/(k 1 (01 (1))]

‘The averaging 1S to be carried out over the ionic
trajectories throughthe cloud. lTogencrate this
average a set of initialconditions consistent withthe
velocity and position distiibution functions is chosc ||
with a trajectory being generat ed thr ough the poten-
tials scen inside the cloud. Ignoring collisions, an jon
moves in response to the space charge potential of the
other ions and the harmonic trap potential. “The



starting pointis calculation of the density profile for a
givennumber of jons at temperature 1 in a cylindri-
cally symmetric harmonic trapping well of secular
frequency w [8]. the fon cloud is assumed to be of
uniform linear density up tothe ends of the trap.

Boltzmann Density, Profile

We assume that the. jon cloud isin thermal equilibri-
um attemperatuie ‘1" SO that the ion number density
n(p) satisfics a Boltzmann distribution [7]

n(p)=n(0)exp[- P, 07K\

wher ¢ d’m_—nl(P)’ mw’p’24q¢.(p) is the sum of the
trapping field andion cloud space charge potential

encrgics, respectively and p is the radial distance from
the trap axis. Poisson’s equation (Vg (p)=:-an(p)/ec)
leads to @ non-linear differential cquation for n(p’

N/ p-()Y/mAnmen)/(ng Ay’)= 0

whes €ng= 26,mw’/q’ isthe pscudocharge or saturation
density for ions inthe trap. The Debye Iength

2,22 111 1KP/(11092) =k, 1/(2m w?) isamcasur e Of the
penctrationlength of the time averaged trapping ficlds
into the ion cloud interior. This equation iS numerical-
Iy solved ((subject to 27 fpn(p)dp =- N/I.) via Runge-
Kutta methods to give. density profiles as shown in
Figure 5. The 62 kilz, trap secular frequency leads to
a saturation density of 34,840 ions permm?® which at
S00 K jontemperature gives alebye length 0.26 mun,
'mill 4znga®3=1we estimate aninter-ion spacing
a =19 pm at saturation density. ‘The density profile
determines the [eta] second order shift of the trapped
ions as discussed in Appendix 1.

Ton Orbits

After the density equation has been solved the total
potential scen by an ion is computed fiom

ioar(P)® Ky e In(m(0)/n(p)). An 01bit in this 2-dimen-
sionalcentral force has two constants of motion [9],
the angular momentum I, around the z axis and the
total energy in the (p,0) planeli,,,, i.e., the kinetic
plus potential energies. Yollowing the proced ur es
describedinappendix 2 aninitial position and velocity
arc generatedconsistentwiththe radial density profile
for a set lincar density N/1, and the
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Figure S; Calculatedion density profiles for 500 K ion
temperature at 62 kllz trap secular frequency. The
highest density shown is 2x107 jons in 75 mmn Jength.

Maxwell-Boltzmann velocity distribution at tempera-
tmec . L and ¥, arecomputed at 1DiS initial point
and the radial turning points of the orbit are found by
solving 1%, -®,.(p)-172m p’= O. "The orbits ¢

integrated to tile radial turning points 10 find the
angular turning points [9]

dp:(?(] ‘ha ns'q)|o1a!(P)~lzz/21npz)/n] )I/Zdt

dO= (1,/111 p?)dt.

Since the orbits are invariant under reflection about
the tumning points [9] the complete tajectory 1S
gencrated by @ number of successive reflections. The
motion of anion along the z-axis of the trap iS as-
sumed tO Lie a uniform velocity (gencrated from the
velocity dist 1 ibution as described in Appendix 2) back
and forth between the trap ends. For cach initial
condition @ trajectory of duration == 4 msec is gencrat-
cd, A time scale common to all the trajectorics 1S
generated SO that the antocorrelation functionateach
time step 7, is averaged cover the 4,000 1o 10,()(1()
trajectotics typically employed, ‘Ibis {unction is then
Fouwrier iansformed to give the power spectraldensity
scenbythe ensemble of moving alorns.
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Iigure 6: Simulated sideband st ucture for transverse

propagat ion of 40.5 GI Iz radiation acr 0ss ion cloud.
The upper curve corresponds to 650 K with 5x10%ions
in 7S mm length, The lower curve al 650 K with
2,5x1(T ionsin 75 mm has sidcbands shifted in by 10
k117 from the 62 k1)z trap sccular frequency in agree-
ment with the measured shift of Fig. 4(b).

Comparison with measured Sideband Frequency

Figui € 6 shows the simulated sideband structure for a
cloud of ions a1 650 K of linear density 5x10%ions per
75mm at 62, k11z trap secular frequency. Underthese
conditions the sidebands are sharp and arc slightly
displaced inward from the 62 k1lz secular frequency.
Asthe lincar density isincreased to about 2.5x10%/75m-
m the sidebands shift inward by about 10 kI Iz, as
shown in the measurement of Figure 4(b). ‘J-he dopp-
ler frequency shift under these conditions is -4.5x10%
from thermal motion and -4.3x1 0" from the micro-
motion gencrated by the trapping ficld. These arc the
approximate conditions for which the 1 Ip*clock
stability of 7x1014712 was obtained [4).

Conclusions

W e have dev cloped a spectroscopic method  for
measuting temperature, ion number and theresulting
2nd order Doppler shift of the 40.5 Ghz clock transi-
tion for Hg* “ons in @ lincar ion trap. The ion cloud
temperature is obtained from the Doppler bioadened
width of the 40.5 GI1z Zeeman tiansition whenthe
microwavesarcpropagated along the axisof the 1.1'1".
The ionnumber IS then determined by modelling the,
{frequency of the secular sidebands obtained whenthe
40.5 Gllz 1adiation propagates acioss the. jon cloud. In
clock operation with 7x107*7'7 stability we have used
this method to measure a -8.8x 107 frequency of fsct
due to 2nd order Doppler shift at 650 K and lincar ion
density 2. 5x10%75 mm.

Appendix 1: “Total Sccond-Order Doppler_Shift for
fixed ¥ and N/,

‘The resonance frequency, f, of an jon moving With
total velocity \' will be shifted by Af fromthat of a
stationary ion by Afff,=-V¥2¢? Foranioninan:i f nap
the velocity is the sum of adrivenmotionV, ., and a
random ther mal motion V. ‘The micromotion velocity
Voieo 18 determined by an ion’s position in the uap
whercas the m agnitude and direction of V,, isuncor-
related with an jon’s position. The average sccond
orderdopplershift for an ensemble of ions at tempes -
ature 1 IS

: (Vmiuo'} Vx }1)2/2(:3 = (Vm icnoz 1 Vlh?)/'?c2
because the average over the product vV, v, vanish-

cs. The two Sources cail thusbe computed separately.
Since the average of Vo> over the velocity distribution



is 3k, 1/m, the contiibution from the thermal motion
is-3k,172me’.

The contribution from the micio-motion is the
average Of V,,,> over the density distribution n(p) as
determined numerically from eq (1). The time aver-
aged micro-motion grows with radial distance p,
Vo iao = @7 p? [10] so that

m iero

Voiees n(p)pw?pidp/f11(p)pdp.

[n the limit of large Ay, the solution to eq. (1) is
n(p)= n(0)exp(- p?/4 1)7) and the 2nd doppler from
11 ap ficld generated ion motion is -k, 1/me? This is
2/3 of the thermal contribution and stems from the
fact that 1f or ponderomotive forces provide the
irapping in 2 of the 3 spatial dimensions. By contrast,
when Ay, IS very small compared to the jon cloud
radius, the solution to cg. (1) is n(p)=n, out to the
cloud 1adius R = (N/1.)/nym)v2 Inthis limit, the trap
field induced 2nd order doppler shift S

-(q*/8wemc” )N/,

Appendix 2: Scleetjon of Initial Positions and Veloci-
lics

‘The selection of the six initial positionand velocity
coordinates for an ion ensemble at temperature I with
density distiibution n(p) is attheheartof the averag-
ing procedure Used to compute the autocorrelation
function. We follow the technique outlined in refer-
ences[11,12) and will illustrate sclection of the initial
radial position coardinate. We compute the probability
distribution for anion’s radial position from the.
compu ted density profile n(p). The number of ions
found between p and p4 dp is 2an(p)pdp so that the
probability distribution for radial position p(p) IS

p(p)=n(p)p/(fo"n(p)pdp).

A random number, €, is sclected in the interval (0,1)
with the. corresponding radial position p, sclected so
that £= [,"*p(p)dp. 1he sclection frequency of the
radial position p is then inagreement with the distri-
bution p(p). All six of the initial values are chosenin
this manncr, the magnitude of the ion velocity from
the Maxwell-Boltzmanu distribution at temperature 1,
the. angle of the ion velocity along the trap longitu -
dinal dircction (z-axis) from O,= cos’(1-2¢), and so
forth. Yor cach of the six initial values anindependent

random number £ ischosen so tl~al.the.rc. isno corre-
lation. A representative histogram of initial velocity
components along the z direction generated from the
speed and direction sampling is shown in Figure A(1)
for anion temperature of S00 K.
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Figure A(1): T he g enerat ed distribution of the #
component of ion velocities. ‘his histogram is created
from two independently generated distributions- the
Maxwell distribution of ion speeds and the vclocity
direction angle distribution with respect to the. trap
longitudinal axis.
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